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Abstract 
In this paper, some basic characterizations of (A,B)-invariant submodules for linear 
systems over commutative Noetherian domains are studied. First, a notion of  dynamic 
feedback (A,B)-invariant submodules for such systems is introduced, and then it is 
shown that this notion is equivalent o (A,B)-invariance. © 1998 Elsevier Science 
inc. All rights reserved. 
Keyn'ords: (A,B)-invariant submodules: Dynamic state feedback; Linear systems over rings; 
Geometric approach 
I. Introduction 
For linear systems over the field of real numbers, various control problems 
have been studied within the framework of the so-ca!led geometric approach of 
Wonham (e.g., see Ref. [1]). In this approach, the notions of (A,B)-invariant 
subspaces and of reachability subspaces play essential roles. 
On the other hand, for linear systems over rings, Hautus [2] introduced the 
notions of (A,B)-invariant submodules (or controlled invariant submodules) 
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and (static) feedback (A,B)-invariant submodules (or controlled invariant sub- 
modules of the feedback type), and studied various properties of these 
invariances in contrast with the case of systems over the field. It is well known 
that for systems over the field (A,B)-invariance isequivalent to feedback (A,B)- 
invarianc¢. However, for systems over a ring, although feedback (A,B)-invari- 
ance always implies (A,B)-invariance, the converse does not hold true in general. 
Furthermore, for systems over the field there always exists a largest dement in 
the family of feedback (A,B)-invariant subspaces contained in a given subspace 
of the state space, but for systems over a ring it may not exist. Therefore, sys- 
tems over rings exhibit much more complicated characteristics than those over 
the field, and hence the geometric approach developed for systems over the field 
cannot be extended to systems over rings in a very straight forward manner. 
The main purpose of the present paper is to investigate basic characteriza- 
tions of (A,B)-invariance for systems over rings. First, for systems over com- 
mutative Noetherian domains a new notion of dynamic feedback (A,B)- 
invariance is introduced, which is a generalized notion of the (static) feedback 
(A,B)-invariance. Then, it is shown that (A,B)-invariance is equivalent to dy- 
namic feedback (A,B)-invariance. This result reveals essential differences be- 
tween systems over the field and those over commutative Noetherian 
domains, and seem to play fundamental roles to resolve basic difficulties in ex- 
tending the geometric approach for the field to one applicable for systems over 
commutative Noetherian domains. 
This paper is organized as follows. Section 2 gives preliminaries. In Sec- 
tion 3, the definitions ~f (A,B)-invariance and feedback (A,B)-invariance are 
recalled and a notiGn of dy,amic feedback (A,B)-invariance is introduced. 
Then, the equivalence between (A,B)-invariance and dynamic feedback 
(A,B)-invariance is shown. Further, a system theoretic haracterization f dy- 
namic feedback (A,B)-invariant submodules i given. Finally, Section 4 gives 
some concluding remarks. 
2. Preliminaries 
Throughout this paper, .~ denotes a commutative Noetherian domain with 
the identity 1. Letting A and B be matrices over ~ of dimensions n x n and 
n x m, respectively, System (A,B) means the following discrete-time linear 
time-invariant system 
x(t + I) = Ax(t) + Bu(t), (l) 
where x(t) E X := ,~" and u(t) E U := ~m are the state and the input, respec- 
tively, and X and U are called the state module and the input module, respec- 
OG tively. For a vector x0 E X and an input sequence u = (u(t))t= 0 where u(t) E U 
for all t >I 0, we denote by x(t;xo, u) the state at time t resulting via (1) with the 
initial state x(0) = x0 and the input sequence u. 
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Now, apply to system (1) a dynamic state feedback of the form 
u(t) = Fx(t) + Lw(t), 
w(t + 1) = Mx(t) + Nw(t), (2) 
where w(t) E W := ~ is the compensator state, and F E ~×" ,  L E ~×o,  
M E ~×n, N E ~'q×q. Then, the resulting closed loop system in the extended 
state module X e := X • W is easily obtained as 
w(t+ l)J = M I.w(t)J" (3) 
Furthermore, define matrices A ~ ~ ~(n+q)x(n+q), B e ~ ~(n+q)x(m+ql F e 
~(m+q/×ln+q) and a vector x~(t) E X ~ by 
Ae:= oq× n Oqx q ' ::-'-" Oq× n Iq ' :=  N ' 
[ x(t) ] (4) 
x"(t) Lw(t) ], 
where Ir denotes the r × r identity matrix, Or×s the r × s zero matrix. Then, the 
closed loop system (3) may be described by 
: ( t  + l) = (A e + BeF')xe(t). (5) 
Now, noticing that the Cayley-Hamilton theorem holds for matrices over 
~, the following definition is given as in the case of systems over the field of 
real numbers. 
Definition 1. The reachable submodule for System (/,, B) is defined by 
n- I  
(AlIm B) : -  ~A~(Im B) C X, 
i=0 
where Im B denotes the image of B. Moreover, System (A,B) is said to be 
reachable if X = (.4 [Im B). 
This definition is based on the fact that x E (Allm B) if and only if for sys- 
tem (1) there exist a time t~ >1 0 and an input sequence u = (u(t)),~ o where 
u(t) E U for all t >1 0 such that x(t~; 0, u) = x, i.e., x is reachable from the zero 
state 0 E X. 
3. (A,B)-invariant submodu|es 
In this section, we investigate important properties of (A, B)-invariant sub- 
modules. First, let us recall the following two notions of invariances [1,2]: 
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Definition 2. Consider System (A, B) and let tp be a submodule of X. Then: 
(i) s) is said to be (A,B)-invc.riant ifAtp C tp + Im B. 
(ii) tp is said to be (static) feedback (.4, B)-invariant if there exists a matrix 
F E ~"×" satisfying (,,1 + BF)tp C ~p. 
The following proposition gives system theoretic interpretations of the no- 
tions above (see also [1,2]). 
Proposition 3. Consider System (A,B) and let q~ be a submo&t& of X. 
(i) tp is (A, B)-invariant if and only if for each xo E q9 there exists an input 
sequence u = (u(t))~= 0 where u(t) E U such that x(t;Xo, U) belongs to tp Jbr all 
t>~O. 
(ii) ¢p is feedback (A, B)-invariant if  and only if there exists a matrix F E ~m×,, 
")G 
such that for each xo E q9 the hlput sequence u = (u(t))t= o defined by u(t) = Er(t) 
yields x(t; x0, u) E tp for all t >f O. 
Remark 4. The following facts should be worth while to remark. 
(i) The feedback (A, B)-invariance always implies the (A, B)-invariance, but 
not vice versa [2]. However, for systems over the field, the two notions are 
equivalent [l]. 
(ii) It is easily seen that the family of (A, B)-invariant submodules i closed 
under the operation of submodule addition. Thus, since ~ is Noetherian and 
X is a finitely generated ,#-module, there always exists a unique largest 
(A,B)-invariant submodule ~,ontained in a given submodule of X. However, 
this property does not hold for feedback (,4, B)-invariance [2]. 
Next, we introduce a new concept of invariance for System (A, B). 
Definition 5. A submodule ~p of X is said to be dynamic feedback (A, B)- 
invariant if there exist an integer q(>10), a submodule tp" of 
X" := X • W (W := :~¢q) and a matrix F" E .~(,,,+q)×/,,+q) such that 
qg = Pqf , (6) 
(A" + B"F")qg" C t# ~, (7) 
where P denotes the projection matrix from X" onto X along W, and A" and B" 
are defined as in (4). 
It is clear that a (static) feedback (A, B)-invariant submodule is a dynamic 
feedback (A, B)-invariant submodule with q = 0. Therefore, dynamic feedback 
(A, B)-invariance is a generalized notion of feedback (A, B)-invariance. 
Now, the following important heorem can be proved. 
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Theorem 6. Let q~ be a submodule o f  X. lhen, cp is dynamic feedback (A, B)- 
invariant i f  and only i f  it is (A, B)-invariant. 
Proof. First, we show the sufficiency. Assume that 09 is (A, B)-invariant. Since ,~ 
is a Noetherian ring and ~0 is a submodule of the finitely generated module X 
over :~, q~ is also finitely generated, and hence there exists a set of generators 
{x l ,x2 , . . . ,Xq} of q~. Now, set W :=.~q and define a submodule q~e of 
X e :=XO W by 
X 2 - . .  (pe := im[X l lq  Xq]. (8 )  
Then, since q~ is (A,B)-invariant, i.e., A(p C ~p +lm B, there exist matrices 
S E ?~qxq and T C ,~mxq such that 
A[xl x, . . .  xol = tx, x,_ . . .  xq]S -  BV. 
Thus, one obtains that 
X2 " " " X2  " • " 
which implies that q¢ is (A ~, Be)-invariant where A ~" and B" are defined as in (4). 
Furthermore, defining a matrix F~"E ~{"'q)×('~q) by 
,,, ]-, 
F" := S Oq~,, lq O,l,,, 
it is easily seen that the matrix F" satisfies (7). Next, letting P be the projection 
matrix from X" onto X along W, it is clear from (8) that q~ =P¢p", showing that 
(6) is satisfied. Hence, q~ is dynamic feedback (A, B)-invariant. 
Next, the necessity is proved. Assume that ~o is dynamic feedback (A, B)-in- 
variant. Then, there exist an integer q(>/0),  a submodule q~" of X" := 
X @ W (W := ::~¢q) and a matrix F ~ E ~;#("'+q)~'"+q! satisfying (6) and (7). So, 
(6) and (7) give 
Aq~ = APqf  = PA"q~" c P(q¢" + lm B") 
= Pq~" + P Im B" = q~ + lm B, 
showing that q~ is (A, B)-invariant. This completes the proof of Theorem 6. [] 
Remark 7. In view of the above proof, the following statements are given. 
(i) The method for constructing a submodule qf as in (8) is basically the 
same as the one used for constructing the extended controllability subspace 
from a controllability subspace in [1], Lemma 9.2, p. 230 and also for solving 
the disturbance decoupling problem with measurable disturbance by dynamic 
state feedback in Ref. [3]. 
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(ii) If ~p c X is dynamic feedback (A, B)-invariant, then without loss of gen- 
erality a submodule ~p~ appearing in Definition 5 can be taken to be a direct 
summand in X ~. 
(iii) Let ¢p be (.4, B)-invariant. Then, if it is a free submodule of rank r, one 
can set q := r. 
From the system theoretic point of view, we may characterize dynamic feed- 
back (.4, B)-invariant submodules as follows. 
Proposition 8. A submodule ~p of X is dynamic feedback (.4,B)-invariant if and 
only if there exist an integer q( >>. O) and matrices F E ~m×n, L E ~m×q, 
M E ~q×n, N E .~×q such that, for each xo E q~, the input sequence u = (u(t))~= o 
defined by (2) together with a suitably chosen w(O)= wo E W := o~ q yields 
x(.q x0~ u) E ¢p ./'or all t >>. O. 
Propel First, to show the necessity, assume that a submodule cp is dynamic 
feedback (.4, B)-invariant. Thus there exist an integer q( t> 0), a submodule ~p~ 
of X" := X • W (W := ~q) and a matrix F ~ E .0~, (m+q)x(n+q) satisfying (6) and 
(7). Now, partition the matrix F" E .~(m+q)×(,,+ql as follows: 
[F  L ]  :=F,, ' FE ;# ''×', LE  ;~''×q, M E;~ q×', N E ,'~qxq, 
and take an xo E tp and set x(0) := xo. Then, from (6) there exists a vector 
wo E W such that 
Wo 
Now, apply to 
w(O) := w0. Then, one obtains that 
w(t + 1) = (A" + B~'F ") w(t) 
and hence from (7) and (9) that 
x,(t) 
(t >t o), 
which together with (6) implies 
(9) 
(I) an input sequence u = (u(t)),= o defined by (2) with 
[ x(t) ] 
x(t;Xo~ ll) 
PL w(t) J 
showing the necessity. 
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The sufficiency is an immediate consequence of Proposition 3 and Theorem 
6. [] 
It should be noted from Remark 4 and Theorem 6 that for a given submod- 
ule ~ of X, there exists a unique largest dynamic feedback (,4, B)-invariant 
submodule tp* contained in ~b which coincides with the unique largest (A,B)- 
invariant submodule contained in ~,. 
4. Conclusions 
This paper introduced the notion of dynamic feedback (A, B)-invariant sub- 
modules for linear systems over commutative Noetherian domains, and inves- 
tigated basic properties of such submodules. In particular, it was shown that 
dynamic feedback (A, B)-invariance is equivalent to (A, B)-invariance. 
The results obtained would make possible to resolve some basic difficulties 
which have been encountered in studying various control problems for systems 
over rings. 
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